Abstract The Cobb-Douglas production function is often used to estimate the benefit of water use and the value of water; however, this is an incorrect application. A typical example of the inapplicability is that a negative output elasticity of water resources may be reached when empirical data is collected from the United States, Japan and the city of Beijing in China, where economic growth still increases when the quantity of water use decreases. It is counter-factual that the benefit of water use or the value of water resources are negatively associated with economic production as estimated by the Cobb-Douglas production function. In the case of a positive output elasticity of water resources, the Cobb-Douglas production function cannot be used either. The main reason is that the elasticity of water resources, as an input factor, reflects only part of its total contribution to economic output. In other words, the contribution of water resources to total economic growth, to a great extent, are embodied in total factor productivity, which refers to the portion of output that cannot be explained by the amount of water resources input in the Cobb-Douglas production function. For example, many technological and socio-economic inputs such as the investment on water saving technologies and the optimization of water use structure, surely embody the value of water and account for total economic output, yet these factors are not reflected by the economic output elasticity of water resources in the Cobb-Douglas production function.
Introduction
The estimation of the benefits of water use and the value of water resources (BVW) is an important topic with theoretical and empirical implications (Young and Loomis 2014) . It is not only pertinent to the recognition of the significance of water resources in economic development processes, but also conducive to the establishment of public policies for sustainable water resources management. Yet the conventional method of estimating commodity value or benefit by market price is not applicable for water resources. The primary reason is that water resources are not freely traded in markets as private goods are. The economic scarcity of water resources cannot be reflected by competitive water pricing due to various disturbances associated with insufficient property rights, externalities, governmental price control, monopoly of water supply and so forth. Therefore, water economists have to use non-market methods, which usually include the benefit distribution method, shadow price method, cost method and willingness to pay (Birol et al. 2006) . By using the benefit distribution method, the benefits of economic production are divided into a series of inputs including water. The BVW is estimated based on a certain proportion for which water accounts in total inputs (Li et al. 2008) . Shadow pricing, which can be derived from econometric model, is another method for calculating monetary values assigned to an unknowable input such as water (Yuan et al. 2002; Ziolkowska 2015) . The cost method calculates the BVW by considering the full costs for water supply, for water saving and for finding an alternative to water resources (Xu et al. 2006 ). Last but not least, consumers' willingness to pay for water can also be used to investigate the BVW by associating it with a subjective estimation (Hanley et al. 2006; Genius et al. 2008) .
In addition to the methods identified above, some scholars have adopted the CobbDouglas production function (CD function) (Zhao and Wang 2000; Jia and Huang 2011) , its transformed transcendental logarithmic production function (Ku and Yoo 2012) , and direct economic elasticity of water (Wang et al. 2000; Wang and Lall 2002) to estimate the BVW. Recently, Saseendran et al. (2015) used a modified CD function to explain how average crop yield may change as a result of irrigation. Similarly, Houshyar et al. (2015) and Moradi et al. (2015) used the CD function to study the efficiency of energy input for crop production. Further, the CD function is used to estimate the value of ecological service by Winkler (2006) . In the Chinese language literature, a total of 9107 articles were identified on December 12, 2015, through a search of CNKI (China National Knowledge Infrastructure), which is the largest academic database in China, using search terms BCobb Douglas function^combined with Bwater^. Although not all of these articles are in the field of water valuation, it can be inferred that the CD function has been widely applied in the estimation of the BVW.
However, it is problematic to use the CD function to estimate water productivity, water use efficiency, or the BVW. The large amount of publications using the CD function to estimate the BVW suggests that the inapplicability of the CD function has not been fully recognized by many researchers. Aiming at drawing researchers' attention on this long-neglected mistake and stimulating a re-thinking on methods for estimating the value of water resource, this essay will explain why the CD function falls short.
The Cobb-Douglas Production Function
The CD function is one of the most widely used forms of production function in economics. The function is named after American mathematician C. W. Cobb and economist P. Douglas who summarized the relationship between production input and output. As a mathematical economic model, the CD function has been widely used to analyze driving forces behind economic growth.
The general production function is
where Q, L and K respectively refers to total production output, labor input and capital input.
The form of the CD function is
where A is total factor productivity (TFP); α is the output elasticity of labor; β is the output elasticity of capital; μ is random disturbance and μ ≤ 1. When neglecting random disturbance, μ = 1, formula (3) is reached.
The function can be used to calculate the economic output of a certain input, or the requirement of inputs for a certain economic output. For instance, it has been widely used to analyze the respective contribution of labor, capital and technology progress to economic growth.
A growth model can be deducted from the CD function by taking logarithmic derivative of formula (3). That is
After discretization, the formal economic output growth model is
which is equivalent to
where G Q , G L , G K and G A respectively refers to the growth rate of Q, L, K and A. Thus the economic growth rate of G Q can be decomposed into G L , G K and G A .
The CD function is often used to analyze the contribution of TFP to economic growth in the following format.
The Failure of the Cobb-Douglas Function
Since the CD function can be used to analyze the contribution of various inputs to economic growth, some scholars attempted to put water use into the CD function as one of the input factors and to use the new function to analyze the contribution of water input to economic growth. Formally, the CD function is modified as follows,
where W refers to water; γ is the economic production elasticity of water resources; G W is the growth rate of water use quantity.
Then the BVW is estimated by the marginal economic output of water use P W ,
The elasticity of water use γ in formula (8) is positive when economic growth increases along with the quantity of water use. According to formula (10), the marginal output value of a water input is also positive. It seems reasonable to use γ as an indicator of the BVW.
However, this statement is incomplete. In many mature economies such as the United States and Japan, and in some areas of China, such as Beijing and the Haihe River Basin, industrial water use, agricultural water use and total water use have peaked long ago and have been falling ever since. In the meantime, their economies have continued to grow. In these cases, the elasticity of water input γ is negative.
For example, Table 1 shows the change of gross regional production (GDP), fixed asset investment, labor employed and water use of Beijing from 1985 to 2014. Its water use peaked in 1994 and then started to reduce. By using a multi-regression method, the trans-log form of the CD function based on the data of 1985-1994 is,
where the elasticity γ is positive and the estimated value of water is positive too. However, when the data set is expanded to 1985-2014, the CD function is,
where the elasticity γ and the estimated value of water becomes negative. This simple calculation indicates two problems in regard to the use of the CD function for estimating the BVW. First, the negative γ is inconsistent with the theoretical assumption that the output elasticity of an input factor is positive. Second, the marginal output of water, according to formula (10), is negative. This leads to an estimation of a negative value of water, which is counter-factual. These unreasonable estimations suggest that the CD function, more generally the marginal economic output of water use, are inapplicable to estimate the BVW.
Theoretical Analysis of the Inapplicability of the Cobb-Douglas Function
The following analysis argues that the CD function cannot be used to accurately estimate the BVW for two main reasons.
For one thing, the existence of negative output elasticity demonstrates that none of the marginal output methods based on the output elasticity are suitable for estimating the BVW. Because, a presumption for the CD function is that the elasticity of all the factors to economic growth is positive. Common sense suggests that the contribution of a factor input to economic growth can be reduced, yet the economic value of any factor should not be negative. For example, in an economic downturn, the amount of capital investment and employed labor may decrease and these may negatively contribute to economic growth. But it is erroneous to conclude that the value of capital and labor is negative. This same logic applies for water use. For another, even when the economic output elasticity of water resources is positive (i.e. the case of Beijing for the 1985-1994 period), the CD function does not fully reflect the BVW due to the existence of total factor productivity (TFP). TFP refers to all the contribution to economic production that cannot be explained by the quantity change of input factors. For instance, the technical contribution of water saving and the optimization of water use structure are included in the TFP. They both could contribute to economic production but their impacts are not included in the CD function. In this sense, the CD function would underestimate the BVW, even when water use increases and water use marginal output is positive; because, a significant portion of the benefit of water is unaccounted by the economic growth elasticity of water.
